Abstract-We show that imposing a certain number of vanishing moments on a scaling function (e.g., coiflets) leads to fairly small phase distortion on its associated filter bank in the neighborhood of DC. However, the phase distortion at the other frequencies can be much larger. We design a new class of real-valued, compactly supported, orthonormal, and nearly symmetric wavelets (we call them generalized coiflets) with a number of nonzero-centered vanishing moments equally distributed on scaling function and wavelet. Such a generalization of the original coiflets offers one more free parameter, the mean of the scaling function, in designing filter banks. Since this parameter uniquely characterizes the first several moments of the scaling function, it is related to the phase response of the lowpass filter at low frequencies. We search for the optimal parameter to minimize the maximum phase distortion of the filter bank over the lowpass half-band. Also, we are able to construct nearly oddsymmetric generalized coiflets, whose associated lowpass filters are surprisingly similar to those of some biorthogonal spline wavelets. These new wavelets can be useful in a broad range of signal and image processing applications because they provide a better tradeoff between the two desirable but conflicting properties of the compactly supported and real-valued wavelets, i.e., orthonormality versus symmetry, than the original coiflets.
I. INTRODUCTION

A. Background
I
N THE LAST decade, the discrete wavelet transform (DWT), which is implemented by a filter bank (FB), has been demonstrated to be a powerful tool for many digital signal and image processing applications. Among the numerous wavelets that have been proposed, 1 real-valued, compactly supported, and orthonormal wavelets have been the most widely used. The associated FB's have finite-impulse responses (FIR) and real-valued coefficients. In many applications, one desirable property for FB's is linear phase, which corresponds to the symmetry of the associated wavelets. However, Daubechies has shown [1, Theorem Manuscript received October 25, 1996 ; revised November 24, 1997. This work was supported in part by a grant from Southwestern Bell Technology Resources, Inc.
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8. 1.4 ] that there does not exist any nontrivial, symmetric wavelet in this family; i.e., in order to obtain symmetric wavelets, at least one of the above properties has to be given up. One possible solution to this dilemma is to construct nearly symmetric wavelets while maintaining those properties, thus producing FB's with nearly linear phases. The goal of this paper is to propose an approach for the design of realvalued, compactly supported, and orthonormal wavelets with negligible phase distortion on their corresponding FB's. Imposing a certain number of vanishing moments on wavelets and/or scaling functions has been one criterion used to design wavelets [2] - [7] . We say that a function has the first vanishing moments (or zero moments) centered at if (1) for . Most families of wavelets are indexed by the number of vanishing moments for wavelets, which also represents the number of zeros at of the frequency response of their associated FB's [2] , [8] , [9] . There are two main reasons why the vanishing moments of wavelets are useful in many applications (e.g., image coding, [10] ). First, a necessary (but not sufficient) condition for constructing regular wavelets with continuous derivatives is by imposing vanishing moments on the wavelets [1, p. 155, Corollary 5.5.4] . Second, the number of vanishing moments of wavelets also plays a crucial role in the characterization of the local Hölder exponent of singularities [11] , [12] . The number of vanishing moments for a scaling function represents the number of zeros at of the frequency response of its associated FB [3] . Similarly, there are also two main reasons why the vanishing moments of scaling functions are useful as well. First, the samples of a smooth function accurately represent its expansion coefficients when the translated and dilated versions of a scaling function, which possesses a certain number of vanishing moments, are used as a basis on which the function is projected [3] , [5] , [13] . This is an appealing property for many numerical analysis applications. Second, it has been observed that imposing vanishing moments on a scaling function increases its symmetry as well as that of its associated wavelet [3] .
The particular wavelets known as coiflets was first proposed by Coifman [13] . For a given , instead of imposing all vanishing moment conditions on the wavelet as the Daubechies' wavelet does [2] , the coiflet has vanishing moment conditions on both the scaling function (centered at zero) and the wavelet. 2 Daubechies first constructed coiflets with even numbers of vanishing moments on both the scaling function and the wavelet [3] . She observed that the resulting coiflets and their corresponding scaling functions are nearly even-symmetric. A larger number of coiflets of both even order and odd order were numerically constructed by Tian and Wells [5] .
B. Goal of the Paper
In this paper, our interest lies in the near-symmetry of coiflets and the near-linearity of the phase responses of their FB's. We show that imposing a number of vanishing moments on the scaling function leads to fairly small phase distortion on its FB in the neighborhood of DC. However, the phase distortion at the other frequencies can be much larger. The resulting phase response may not be satisfactory in applications that require uniformly insignificant phase distortion over a broad frequency band. Increasing the number of vanishing moments on the scaling function will result in very long filters in its FB, which may not be a practical solution. We obtain a rich class of new wavelets (we call them generalized coiflets) by replacing the zero-centered vanishing moments condition on the scaling functions by a nonzero-centered vanishing moment condition. The merit of such a generalization is that it offers one more free parameter, the mean of the scaling function, denoted by , which uniquely characterizes the first several zero-centered moments of scaling functions, and is hence related to the phase response of their FB's at the low frequencies and can be tuned to reduce the global phase distortion. In addition, by choosing some proper , wavelets that are nearly odd-symmetric are obtained. For a fixed , we apply Newton's method to iteratively construct the lowpass filters associated with the generalized coiflets. We prove that generalized coiflets are asymptotically symmetric and possess asymptotic linear phases. We formulate a general framework for minimizing the phase distortion of the lowpass filters under various criteria and choose to solve a minimax optimization problem of determining the parameter whose corresponding lowpass filter has the minimal phase distortion over the lowpass half-band in the -norm sense, which is argued to be a proper criterion. With this criterion, we apply a parameterization approach to verify that the optimized length-6 generalized coiflet is close to the optimal one in the entire family of length-6 orthonormal wavelets, which indicates that the optimal generalized coiflets could possess better tradeoffs between regularity and near-symmetry. Our numerical results indicate consistent improvement of the optimal generalized coiflets over the original coiflets in terms of the minimax phase distortion of their lowpass filters. One interesting observation is given that the new family of wavelets are very close to some symmetric biorthogonal wavelets, similar to the observation made by Cohen et al. [4] on the original coiflets.
After we finished this work, we realized that the work by Selesnick et al. [14] is related to and different from ours.
Besides imposing a number of moment constraints as in our work, they used the extra degree of freedom due to to maximize the flatness of group delay at DC, and solved the resulting nonlinear polynomial equations using Gröbner bases.
C. Outline of the Paper, and Notation
The remainder of the paper is organized as follows. In Section II, we introduce the concept of generalized coiflets and some equivalent descriptions. Section III shows how to apply Newton's method to construct the generalized coiflets. In Section IV, we propose a general class of optimization problems for minimizing the phase distortion of the lowpass filters and choose to solve a particular minimax problem. Numerical results of such a optimization are given in Section V. Section VI concludes the paper. All the proofs of the results presented in the paper are given in the Appendix.
The following notation is used in the paper. 
II. NONZERO-CENTERED VANISHING MOMENTS ON SCALING FUNCTIONS
A. Preliminary Results From Wavelet Theory
We now introduce some fundamental results from wavelet theory on which this paper is based. For more detailed discussion, see related literature (e.g., [1] , [15] , [16] ). Let :
be the lowpass filter in a two-band orthonormal wavelet system. The scaling function is recursively defined by the dilation equation (or the refinement equation) (4) and the wavelet is defined as (5) where the lowpass filter together with a highpass filter constitute a pair of conjugate quadrature filters (CQF's); i.e.,
or, equivalently,
where is the support of the FIR filters and . In the frequency domain, the dilation equation (4) is equivalent to (8) Thus, a necessary condition for the scaling function to exist is or, equivalently,
Iterating (8) to a limit and imposing the normalization leads to the well-known infinite product formula [16] :
In the frequency domain, (5) is equivalent to (11) where we have used (7) . The orthonormal condition is given by (12) for each integer or, equivalently,
where denotes the Kronecker delta symbol. From (8) and (10), we can see clearly a well-known fact that the symmetry of the scaling function is equivalent to the linear phase of the frequency response
. From (7) we infer that if has a linear phase, then the frequency response has a generalized linear phase (see [17, p. 255 ] for a definition), and hence from (11) we deduce that the wavelet is also symmetric.
B. Definition and Equivalent Descriptions
Next, we define a new class of wavelets by generalizing the concept of coiflets.
Definition 1: A wavelet is called a generalized coiflet of order (denoted by ) if for some , the wavelet and its scaling function (denoted by ) satisfy (14) and (15) for . In the above definition, we have used the notation defined in (2) . Note that is the center of mass of the scaling function . When , the generalized coiflets reduce to the original coiflets constructed by Daubechies [3] . It is straightforward to show that (14) is equivalent to or (16) for , which means that the first moments of the scaling function are uniquely characterized by the parameter .
From the above definition, the following lemma can be obtained.
Lemma 1: Given an th-order generalized coiflet with some , for , the condition (14) is equivalent to each of the following conditions on its lowpass filter (denoted by ),
or (18) or, in the frequency domain,
and the condition (15) is equivalent to (20) or, in the frequency domain,
Lemma 1 can be easily proved using (4), (5), and (16).
C. Translation Properties
The following lemma gives the translation properties of the generalized coiflets as well as their associated scaling functions and lowpass filters.
Lemma 2: If a generalized coiflet filter satisfies conditions (12), (18) , and (20) , then for any , the shifted version is also a generalized coiflet filter, denoted by , where . The corresponding scaling functions are related to each other by (22) The corresponding wavelets are related to each other by (23) And the th moments of the two scaling functions are related to each other by (24) III. CONSTRUCTION OF GENERALIZED COIFLETS From (5), (6) , and (10), it is clear that the scaling function and the highpass filter can be determined by the lowpass filter , and the wavelet is determined by and . Therefore, determines , , and . So, in this section we focus on construction of the lowpass filters associated with the generalized coiflets. For a given , the coefficients of the filter can be obtained by solving (12), (17), and (20) simultaneously. Note that the condition (9) is already included in (17) . In this paper, we restrict our attention to the FIR filter having the minimum length with respect to a given .
A. Filter Length versus Order
Assume a lengthfilter to be the lowpass filter associated with a generalized coiflet of order for some . 3 The orthonormality condition (12) gives equations. The vanishing moment conditions (17) and (20) provide a total of equations, which are, however, redundant. Proposition 1: An ordergeneralized coiflet satisfies (25) The above proposition indicates that the conditions in (17) with even order vanishing moments can be derived from the orthonormality condition, those conditions in (17) with lower odd order vanishing moments, and the conditions in (20) . Therefore, (17) and (20) (18) , and (20) , can be viewed as a shifted version of another valid filter. Therefore, the support interval of can be arbitrarily chosen without loss of generality. Thus, we can safely ignore the causality restriction and choose the same support interval as that of the original coiflets for the convenience of comparison [3] ; i.e., and . Define an vector (27) 3 Clearly, the length of the filter h L; t depends on the order of the generalized coiflet L; t .
where the superscript denotes matrix transpose, and a vectorvalued function : , . . .
where all the summations are from to . Therefore, the equation (29) gives a set of independent equations in (12), (17) , and (20) , where denotes the zero vector of length . The approximate solution to this equation in the th iteration is denoted by
. With an initialization of , Newton's iteration becomes (30) where denotes the Gateaux-derivative of [18] and the operator denotes matrix inversion. The initial choice of is not arbitrary because some choices may cause the iteration to diverge. In our design, we choose the original coiflet filter one order lower than the generalized coiflet filter which we aim to construct as the starting solution; i.e., if is odd and if is even
The iteration stops when the difference between and is small enough (e.g., its norm is smaller than a given threshold). In our experiments, with such an initialization scheme, the Newton's iteration always converges.
After we obtain a solution, we need to verify that the resulting wavelet constitutes a Riesz basis using the Lawton condition [19] .
C. Range of the Parameter
We define to be the set of parameters such that exists. We will now determine a condition on this set for . Since the support of is , it can be easily seen from the dilation equation (4) 
IV. NEAR-SYMMETRY AND NEAR-LINEAR PHASE
From the discussion in Section II-A, we conclude that if the scaling function is nearly symmetric or the lowpass filter is nearly linear-phase, then the wavelet is also nearly symmetric and the highpass filter (denoted by ) is nearly generalized linear-phase. Thus, we study the scaling function and the lowpass filter only. Because both the near-symmetry of and the near-linear phase of behave differently for different parities of the order (as we will show later), we define for simplicity of notation .
A. Near-Symmetry of Scaling Functions
In this subsection we study the near-symmetry property of the scaling functions of the generalized coiflets. We use the phase of the Fourier transform of a scaling function to measure its symmetry. If is nearly symmetric, then the phase of is close to a linear function of frequency. The following proposition indicates how good this approximation is at low frequencies. Due to the lowpass nature of , in the frequency domain its energy is mostly distributed at low frequencies. Therefore, is nearly symmetric. Proposition 2: If is sufficiently small, then
where the constant is given by (38)
From the Taylor expansions in the proof of Proposition 2, the following corollary can be obtained immediately.
Corollary 1: The scaling function of a generalized coiflet is asymptotically symmetric; i.e., for each , (39)
B. Near-Linear Phase of Lowpass Filters
In this subsection we study the phase distortion of the lowpass filters associated with the generalized coiflets. Since the coefficients of these filters are real-valued, we only consider . For a lowpass filter, there are two types of symmetry. If for some , a filter satisfies , then we say that is whole-point symmetric (WPS) about if , and half-point symmetric (HPS) about if . In both cases, the phase response . If a filter is asymmetric, then its phase distortion can be measured as the deviation of the phase response from a linear function of frequency with some desired slope.
There is a well-known fact regarding the relationship between the symmetric type of wavelet and its associated lowpass filter [4] : if is WPS, then is even-symmetric, and vice versa; if is HPS, then is odd-symmetric, and vice versa. It has been observed that the lowpass filters associated with the original coiflets are nearly WPS [3] . In fact, from (19) we know that, for an th-order original coiflet, , which is the frequency response of its lowpass filter , has zeros at , hence a flat, near-zero phase in the neighborhood of DC. In the following proposition, we show that in general is close to linear-phase at low frequencies.
Proposition 3: If is sufficiently small, then
where the constant is given by
Although the above proposition is true for all real , only integers and half-integers are of interest. Thus, we define . An advantage of introducing that is a half-integer is that filters close to HPS can be constructed, which are more useful than WPS filters in many applications. From the Taylor expansions in the proof of Proposition 3, the following corollary can be obtained immediately.
Corollary 2:
The lowpass filter associated with a generalized coiflet possesses asymptotically linear phase; i.e., for each ,
C. Minimization of Phase Distortion 1) A General Formulation of Optimization:
From Proposition 3 we know that the filter , , has nearzero phase distortion if is small enough. However, the phase distortion at the other frequencies can be much larger. The resulting phase response may not be satisfactory in many applications that require uniformly insignificant phase distortion over a broad frequency band.
From the proof of Proposition 3, we find that the phase response at low frequencies is mainly characterized by the first several moments of the scaling function, hence by the parameter in the case of the generalized coiflets. Thus, we attempt to use that parameter to obtain smaller phase distortion. Although, for any the property of near-zero phase distortion around DC will be lost, the gain lies in the fact that phase distortion can be largely reduced over a broad frequency band. For a given , we expect that is close to , where is the integer or half-integer closest to .
Although adjusting the parameter may also improve the near-symmetry of the scaling function and the wavelet , we restrict our attention to the phase distortion of the lowpass filter for the following two reasons. First, since in most DWT-based digital signal processing applications only a finite number of scales are practically used, the characteristics of the filter banks have more direct effects than those of their iterative limits, i.e., the scaling functions and the wavelets, even though they are related to each other in some way. Second, from (8) we deduce that (43) which implies that minimizing the asymmetry of , measured by the phase of , may not lead to a sufficiently good phase response of . Since in a typical DWT-based signal processing application the input signal is convolved with a wavelet filter bank, the phase response of the output signal is a sum of those of the input signal and the filter bank. Therefore, the phase distortion on the output signal, which is additive and caused by the nonlinearity of the phase response of the filter bank, can be viewed as the difference between the desired linear phase response for the filter bank and its actual phase response. We define to be the measure of phase distortion of a filter over ,
for some , , , and some weighting function . For the generalized coiflets, . In fact, the quantity is the weighted -distance between the desired linear phase response and the actual phase response
. From (7) we deduce that for a CQF pair and of a finite support ,
Using this relationship, we rewrite as (46) where is the mirror function of about , i.e., , for , and is the desired generalized linear phase response. Therefore, the quantity also measures the phase distortion of with respect to the weighting function . Thus, such a metric is meaningful in not only the DWT-based applications but also those based on wavelet packet transforms, where both lowpass and highpass subbands are decomposed iteratively [1] , [16] . With this quantitative measure, which is clearly a function of the parameter for the generalized coiflets, we can formulate a class of optimization problems by searching the optimal parameter that minimizes for a given and a given . Such a general formulation allows the flexibility of choosing a proper parameter and a proper weighting function in order to provide an appropriate filter bank for a particular DWT-based application.
2) MiniMax Half-Band Phase Distortion: Among many candidate norms, we believe that in general the -norm optimization minimizes the worst-case phase distortion and hence leads to a uniformly small phase distortion.
A naive choice of is to choose a constant window function over . However, the following two reasons show that the resulting criterion is not appropriate. First, since is in general a half-band lowpass filter, the phase response at low frequencies is more important than that at high frequencies. In many DWT-based analysis-processingsynthesis applications, after reconstruction, the aliasing part of the frequency response, for , is cancelled or at least largely attenuated. Thus, the phase distortion in the passband is crucial.
The second reason lies in the following proposition, which indicates the effect of vanishing moments of a wavelet on the phase response of the associated lowpass filter at high frequencies.
Proposition 4: For any wavelet, if its lowpass filter satisfies (20) 
Proposition 4 states that if a wavelet has vanishing moments (e.g., Daubechies orthonormal wavelets and the generalized coiflets), then for some , the difference between the phase response of the associated lowpass filter and the desired linear phase response approaches in the neighborhood of . Consequently, for these cases, minimizing the globally maximum phase distortion is impossible. Therefore, we attempt to minimize over the lowpass halfband, i.e., , or, equivalently, in (44) we choose if and elsewhere.
We are interested in both the optimal near-WPS filters and the optimal near-HPS filters; i.e., we shall try to find (49) and (50) where the subscripts and indicate "WPS" and "HPS," respectively; the set is defined as in Section III-C; and the symbol denotes the rounding function as defined in Section I-C.
Although the quantity is a function of , there is no explicit form of this function. Thus, we have to resort to a brute-force search of the one-dimensional (1-D) parameter space,
. For a given , in our experiments we apply a fast Fourier transform (FFT) to obtain dense samples of its frequency response . 3) Near-Optimality: Now, for a given order (or, equivalently, a given filter length ), the optimal wavelet under the minimax half-band phase distortion criterion within the family of the generalized coiflets can be obtained. An interesting question arises: how does such an optimal generalized coiflet compare with the optimal one (under the same criterion) within the entire family of th-order orthonormal wavelets? For the HPS case, the optimal one is obviously the Haar filter, which has no phase distortion and can be viewed as a degenerate case for . In the next section we will show that some optimal generalized coiflet filters are indeed close to the Haar filter. However, for the WPS case, the optimal one is in general very difficult to obtain either analytically or numerically due to the presence of too many degrees of freedom in the construction of the wavelet filters. For some small (hence, very few degrees of freedom), the above question can be studied numerically. In particular, we attempt to find the optimal orthonormal wavelet of order 2 (corresponding to a length-6 wavelet filter) using the parameterization approach by Pollen [21] and Wells [22] . Any length-6 lowpass CQF , satisfying the existence condition (9) and the orthonormality condition (12), can be parameterized as follows with two parameters, defined as and : as and range over to , all possible length-6 are generated, also including length-4 wavelet CQF's for and any , and the Haar filter for any or and . It is easy to show that , which indicates the symmetry of . The inverses of these formulas which give and from an allowed are shown in (57) and (58), at the bottom of the page. Therefore, we search a compactly supported two-dimensional (2-D) space, , to find the optimal whose phase distortion is minimal. We found that the phase distortion of the optimal length-6 wavelet, the optimal order-2 generalized coiflet, and the order-2 original coiflet are , , and , respectively. Therefore, the optimal order-2 generalized coiflet possesses a near-minimal phase distortion among all the length-6 orthonormal wavelets. Since the optimal length-6 wavelet does not have the good property of vanishing moments, it is not a regular (or smooth) wavelet. Consequently, the optimal order-2 generalized coiflet possesses better tradeoffs between regularity and near-linear phase than the optimal length-6 wavelet and the order-2 original coiflet.
4) Other Criteria:
In our optimization framework, other criteria are also possible, for only a 1-D parameter space needs to be searched. For instance, group delay, , which is a commonly used metric for the linearity of phase response, can be considered here. The nearlinearity of phase response may be measured by the -norm of the difference between the actual group delay and a desired constant. Since the resulting optimization can be carried out in a similar way to the one previously discussed, we will not address it here.
V. NUMERICAL RESULTS AND DISCUSSIONS
We list the filter coefficients of the generalized coiflets with minimax phase distortion up to order 7 (the order-1 generalized coiflet is the Haar wavelet), and their corresponding or in Tables I and II , and the resulting maximum phase distortion over the passband and Hölder regularity of these new wavelets in Table III . We use Rioul's algorithm [23] estimate the Hölder exponent, which is a widely used criterion for measuring smoothness of functions. Table III shows that the optimal near-WPS generalized coiflet filters have consistently lower maximum phase distortion over than their counterpart original coiflets, while maintaining about the same regularity. Since the lowpass filters of even-ordered original coiflets are closer to symmetric than the odd-ordered counterparts, the improvement is less significant than the odd-ordered generalized coiflets. In our experiments we also found that the even-ordered optimal near- WPS generalized coiflet filters have lower maximum phase distortion over the stopband than their counterpart original coiflets. The odd-ordered optimal near-HPS lowpass filters have the smallest phase distortion among this entire class of new filters. Both the even-ordered, nearly HPS, and the odd-ordered, nearly WPS filters possess relatively large phase distortion, which can be partially explained by Proposition 4. Fig. 1 illustrates the comparisons between the phase distortions of the lowpass filters for the original coiflets and those for the optimal generalized coiflets when and . In Fig. 2 , we plot the original coiflet and the optimal generalized coiflet of order 3 as well as their scaling functions. The optimal generalized coiflet appears more symmetric than the original coiflet. Tables I and II show that the optimal parameter is close to the origin and is close to . As increases with the same parity, and approach zero and , respectively, the phase distortion of the original coiflets decreases, and the improvement of using over using zero becomes reduced, which can be explained by the fact that the original coiflet filters have asymptotically zero phase distortion. In [4] , it was pointed out that the lowpass filters of the even-ordered original coiflets are very close to the Laplacian [24] , which are associated with some symmetric biorthogonal wavelet bases and are widely used in applications of image processing and computer vision. Since the optimal near-WPS filters of the generalized coiflets with even orders are close to those of the original even-ordered coiflets, they are also close to the Laplacian pyramid filters. A more interesting thing is that the optimal near-HPS filters of the generalized coiflets with odd orders are close to the Haar filter except for their "oscillating tails" (small filter coefficients other than the biggest two). A more careful inspection reveals that they are surprisingly similar to the filters of some biorthogonal spline wavelets, 4 referred to as in [4, Table 6 .1]. In fact, they may be regarded as the filters of the general biorthogonal Coifman wavelets with the same orders [7] , i.e., the same numbers of vanishing moments on wavelets. We list the filter coefficients of these generalized coiflets and their corresponding biorthogonal wavelets in Table IV . They are very similar to each other except that the filters of the generalized coiflets have longer supports (or "longer oscillating tails"). Like the Laplacian pyramid filters, these biorthogonal wavelets are popular in image processing applications. In Fig. 3 , we plot the order-3 biorthogonal spline wavelet dual to the Haar wavelet and the order-3 generalized coiflet having the minimal phase distortion, as well as their scaling functions. The two scaling functions are indeed surprisingly similar to each other; so are the two wavelets.
VI. CONCLUSION AND FUTURE WORK
We have presented the concept and the design of a novel class of compactly supported, orthonormal, and nearly symmetric wavelets-the generalized coiflets. Within this rich family, we have constructed both the nearly odd-symmetric and the nearly even-symmetric generalized coiflets whose associated lowpass filters have the minimax phase distortion. We feel that these wavelets are serious candidates for the choice of wavelets in many signal and image processing applications because they provide a better tradeoff between the two desirable but conflicting properties of the compactly supported and real-valued wavelets, i.e., orthonormality versus symmetry, than the original coiflets.
There still remains an open question for future research. How close can a lowpass filter of a compactly supported and real-valued wavelet be to linear-phase, subject to a given length and without relaxing the ON condition? In this paper we have given an answer for the case that the vanishing moments are equally distributed on the scaling function and wavelet, and also shown that some of these new filters are close to those optimal ones. Although it is possible to obtain more symmetric wavelets by imposing more vanishing moments on the scaling function than on the wavelet, the resulting wavelets may not be regular enough for many applications. Thus, for a given degree of freedom in designing wavelets, the generalized coiflets can be viewed as good tradeoffs between regularity and near-symmetry. Nevertheless, solutions other than vanishing moments-based design of wavelets may be worth future research.
We will study the sampling approximation power of the generalized coiflets, which is their other attractive property, in a forthcoming paper [25] .
APPENDIX
A. Proof of Lemma 2
It is straightforward to check that the filter satisfies conditions (12), (18) , and (20) . Then we obtain which implies (22) . From (11) we obtain (64)
which implies (23) . Finally, (24) can be shown using (22) .
B. Proof of Proposition 1
Let . Then (13) can be rewritten as
According to (19) and (21) in Lemma 1, the lowpass filter of the above wavelet satisfies (68) and
for . Therefore,
Taking the th derivative of both sides of (67) and evaluating it at , we conclude
which implies according to Lemma 1.
C. Proof of Proposition 2
Since , it follows that
Taking the Taylor expansions of and around zero, and applying (14) yield (75) (76) and (77) (78) where . Therefore,
i.e.,
Then (81) Considering that for ,
we obtain
which gives the desired result.
D. Proof of Proposition 3
Since , we infer that (84) We take the Taylor expansions of and around zero, and apply (18) 
i.e., 
we obtain (93) which gives the desired result.
E. Proof of Proposition 4
Since (47) and (48) are equivalent, we will show (47) only. We take Taylor expansions of and at .
and (95) where . The right-hand side of equation (96) can be simplified by using (20) , as shown in (97) at the top of the page. Since we have assumed that and , we obtain the results as shown in (98) at the top of the page. Thus, we have established the desired results.
